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Representing 3D space

B 3D space can be represented with
B Vector space on R3

B Basis of 3 vectors denoted X, Y and Z

B dot product - and cross product X

B Mathematical properties X
B Vector orthogonality: X - Y =X-Z =Y :-Z=0
B Planeorthogonality: X XY =7 ,XXZ =Y ,YXZ =X
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Representing 3D space
B Limits
B No uniform representation of transformations

B Computation can be complex

B Needs
B A consistent mathematical formalism

B Good computational properties
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Homogeneous Representation

B A vector X is homogeneous if and only if:

VAER A#0,X =AX

B Example:

X =2X=3X =AX XF2X#3X +#AX

Homogeneous Euclidean
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Homogeneous Representation

B A homogeneous vector X of dimension n is a tuple made of
n homogenous coordinates:

X = (x]_, ...,xn)

B A homogeneous vector X of dimension n can also be
represented by a column matrix of n rows:

X1
X =1|"|= [xl coo xn]T
xn_
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Euclidean to homogeneous Representation

B LetA = (ay,..,a,) be avector within a Euclidean space of
dimension n.

A homogeneous representation of A is a vector of dimension
, denoted A, such as:
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Euclidean to homogeneous Representation

O From Euclidean to homogeneous

(1,4,3)

Y

Euclidean vector
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Euclidean to homogeneous Representation

O From Euclidean to homogeneous
(1,4,3) » [1,4,3,1]F =2[1,43, ] =--=2[1,4,3,]"
‘ \ J
|
Euclidean vector Homogeneous representations

Computer Vision -8 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous Coordinates ==TOULON

Euclidean to homogeneous Representation

O From Euclidean to homogeneous
(1,4,3) » [1,4,3,1]F =2[1,43, ] =--=2[1,4,3,]"
‘ \ J
|
Euclidean vector Homogeneous representations

B Warning: Homogeneous representation of the Euclidean space
origin is not the origin of homogeneous space:

(0,0,0) - [0,0,0,7]" = 2[0,0,0,7]F =--- = 2[0,0,0,]"
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Euclidean from homogeneous Representation

B letA=[A1 .. ap W]! beavector within a homogeneous
space of dimensionn + 1, with w # 0.

The Euclidean representation of A is a vector of dimension 7,
denoted A such as:
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Euclidean from homogeneous Representation

O From homogeneous to Euclidean

2 8 6 2]F

Y

homogeneous vector
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Euclidean from homogeneous Representation

O From homogeneous to Euclidean

2 8 6 ]'- (—,g,é) = (1,4,3)
\

Y ——

homogeneous vector Euclidean representation
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Euclidean from homogeneous Representation

O From homogeneous to Euclidean

2 8 6 ]'- (—E,é) = (1,4,3)
\

Y ——

homogeneous vector Euclidean representation

B Warning: Homogeneous space origin cannot be represented
within Euclidean space: )

Computer Vision -13 /40

ol O

00
0)0)0)0 T _)_)
[0,0,0,0] _)(0 -



am UNIVERSITE DE
Computer Vision /| Homogeneous Coordinates ==TOULON

Geometric interpretation

B Let A = (x,y) avector within a 2D Euclidean space
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Geometric interpretation

B Let A = (x,y) avector within a 2D Euclidean space

B A=[x y 1]7 represents A within the homogeneous space

Computer Vision -15/40



am UNIVERSITE DE
Computer Vision /| Homogeneous Coordinates @ L | 5 - TOULON

Geometric interpretation
B Let A = (x,y) avector within a 2D Euclidean space

B A=[x y 1]7 represents A within the homogeneous space

B 1A =[Ax Ay A]T is another representation of A

/
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Geometric interpretation
B Let A = (x,y) avector within a 2D Euclidean space

B A=[x y 1]7 represents A within the homogeneous space

B 1A =[Ax Ay A]T is another representation of A

P All homogeneous representations of A
are lying on the same line

/
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Homogeneous transformation

B Let be a homogeneous space of dimension n and let V be a
homogeneous vector. A IS an
defined such as:

H(V) =HV
With:

- His an X n square matrix that represents H

- HV is the matrix multiplication of H and V

Computer Vision -18 /40



am UNIVERSITE DE
Computer Vision / Homogeneous Transformation ==TOULON

Homogeneous transformation

B Within 4 dimensioned homogeneous space
mV=[x y z w|l

B Hissuch as:
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Homogeneous Transformation

B Identity transform

1 0 0 O
o1 0 0
H_0010

0 0 0 1

B Computation

1 0 0 O0O][x] [x
1o 1 0 olly| |y
HV_0010z_z

0o 0 0 11wl |w.
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Homogeneous transformation

B Homogeneous transformation linearity
B Let H be a homogeneous transform represented by matrix H:

B Let A and B two homogeneous vectors represented by column
matrices A and B respectively and let A and u be two scalars:

[ Xa | [ Xp | M [ UXp |
Ya Yb Ay HYb
A= B = = |74 B =
Za Zp A4 Az, ¢ HZp
| Wa Wb | Aw, | |[UWh |
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Homogeneous transformation

B Homogeneous transformation linearity

HAA + uB) = H(AA + uB)
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Homogeneous transformation

B Homogeneous transformation linearity

HAA + uB) = H(AA + uB)

11 Ax, + pxp ]
AYa + WY
Az, + uz,
HAw, + uw, |

HAA+ uB) =
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Homogeneous transformation

B Homogeneous transformation linearity

H(AA + uB) = HAA + uB)

hyy hiz haz hag[Axg + pxp Matrix product
hy1 hyy hys hou|| Aye + 1yp
h31 hzy hgz hsu|| Az + uz,
N4 hay hus hagllAwg + pwy,

HAA+ uB) =

(hi1(Axq + pxp) + hya(Ayq + 1yp) + hi3(Azg + uzp) + hys(Awg + uwy) ]
hao1(Axg + pxp) + hoy (Aya + wyp) + hos(Azg + pzp) + hos(Awg + uwy)
hs1(Axg + pxp) + hso (Aye + pyp) + hss(Azg + pzp) + has(Awg + uwy)
g1 (Axgq + pxp) + haz (A + 1yp) + haz(Azq + uzp) + hyy(Aw, + pwy,) |

H(AA + uB) =
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Homogeneous transformation

B Homogeneous transformation linearity

h11 hip hyz hyg][Axg + puxp ]
hy1  hyy hays  hosl| Aya + uyy

HAA + uB) =
( HB) hs3y hzy hzs haa|| Azg + pz,
hy1 hap hys hagdlAw, + uwy |

(Axq + uxp) + hiy(Ayq + uyp) + his(Azg + uzp) + hia(Awg + uwp)]  Distribution
H A + uB) = (Axq + pxp) + hop(Ayq + pyp) + ho3(Azq + pzp) + hos(Awg + pwp)

(Axq + pxp) + hao (Ayg + pyp) + has(Azq + puzp) + hus(Awg + pwy)

(Axg + pxp) + hay (Ayg + pyp) + has(Azq + pzp) + has(Awg + pwp) |

Axg + 1 puxy + hyoAyg + hyopyy + hi3dzg + hysuzy + hiadwg + hyauwy

_ Axg + 1o puxy + hopAyg + hoouyp + hosdzg + hosuzy + hosdwg + hyyuwy,

HOAAFUB) =1 Rg + 1 uty + iy Ayig + hisptty + hssAzg + hspizy + s AW + hisowy | ©

Axg + 1o uxy + haydyg + haypyy + husAdzg + hysuzy + haadwg + hyapuwy |
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Homogeneous transformation

B Homogeneous transformation linearity

(h11(Axq + pxp) + hya(Ayg + 1yp) + hiz(Azg + uzp) + hyy(Awg + pwy)]
hy1(Axgq + pxp) + hoa(Ay, + pyp) + has(Azg + pzp) + hyy(Awg + uwy,)

H(AA + uB) =
. ) h31(/1xa + .Uxb) + hSZ(AYa + .UYb) + h33(/12a + Mzb) + h44(/1Wa + .UWb)
| hay (Axg + pxp) + hay(Ayg + uyp) + haz(Azg + puzp) + has(Awg + pwy) |
+ hy1uxp + + hyauyp + + hysuz, + + hyapwy’ Grouping
HAA + uB) = + hay1uxp, + + hoopyy + + hasuzy + + hoapuwy |
+ haiuxp + + haouyp + + hssuzy, + + haauwy
+ haiuxp, + + hyouyp + + hysuzy, + + hyauwp
+ + + + hyuxp + hiouyp + histizy + hygiwy ]
+ + + + hpuxp + hopptyp + hozpuzy + hogpuwy
_ -
H(AA + uB) + + + + h31uxy + haaflyp + haspzy + haapiwy
+ + + + hyuxp + haopyy + hyspzp + hayguwy, |
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Homogeneous transformation

B Homogeneous transformation linearity

(hy1Axq + hygpxp + hipAye + haopyp + hizAzg + hyspzy + hygAwg + hyauwy ]
HAA + uB) = hp1Axq + hopauxy + hop Ay, + hoatyp + hosAzg + hosuzy + hpyAw, + hpsuwy,

h31Axq + h31uxp + h3Aye + haapyp + hazAzg + hasuzy + hygdw, + haguwy,

| Ny1AXg + R Xy + hypAYq + hazltyp + hysAzg + hyspzy + hygAwg + hygpuwy |

114X + AV + hy3Azg + hygdwg + hyuxp + hiauyp + hysuzy + hyauwp
HAA + uB) = hp1Axg + hopaAy, + hosAzg + hoydw, -+ hoiuxy + hoauyy + hosuzy, + houuwy,

h31Axq + h3dyq + hazAzg + hggdw, + hguxy + hgauyy + hasuzy, + haauwy,

| hy1AXg + hypAYq + hasAzg + hyadwy -+ hyuxy + hyuyp + hasuzy + hysiwp |

Decomposition

h11Axg + hiaAYe + hi3Azg + higAwg | [hiiixp + haapyy + hyspzy + hyguwp]
HAA + uB) = hp1Axg + hoaAdy, + hasdzg + hoydw, ho1uxy + hoauyy + hosuz, + houuwy,

h31Axq + h3Ay, + hazAz, + hgadw, h31uxp + hgayp + hasuzy, + haauwy,

(N41AXq + Ny AV + hyzdzg + hyg AWl Lhyuxy + haaflyp + hyspzy + hyapwy |
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Homogeneous transformation

B Homogeneous transformation linearity

(hi1Axg + hya Ay, + hy3Az, + higAw, + hyuxy + hiuyp + hyspzy + hyauwy ]
H A + uB) = hp1Axgq + hoody, + ho3Azg + hoydwg + hoquxy + hoo iy, + hosuzy + hyyuwy
h31Axgq + h3ady, + h33Azg + hagaAwg + haquxy, + haouyy + haspuzy + hauwy
(N1 AXg + Ry AV + huzAZg + hya AWy + hyqpixy + hapbyy + hazpizy + hagpiwy |
(hi1/%g + hi2/'Yq + hy3'zg + hia W [heptixy + hypuyy + hizpzy + hyauwy
hy1/xgq + hop'yq + hp3/zg + hyy'wy, hoiuxy + hoauyy + hozuzy + hosiwy
H(AA + uB) = + —
( HB) h31/xq + h3p /Yy, + h33/ 25 + h3s'w, h3 uxy + Aoy + hszpizy + haawy,
g1 Xg + hyp Vg + hyz ' Zg + hys ' wel  Lhyuxy + hypyp + hyzpzy + hygpiwg
(h11Xq + hi2Ya + h13Zg + hyawg] (h11Xp + h12Yp + hi3Zp + hygawy]
HAA + uB) = ha1Xg + ha2Yq + ho3zg + hoaw, +u ha1xp + hooYp + ho3zy + hoawy .
h31Xq + h32Yq + h33zg + h3aw, h31xp + h32yp + h33zp + h3awy Factorization
| hy1Xg + haoYa + hazzg + hyawg | LWy xp + Rypyp + hazzp + hyawy |
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Homogeneous transformation

B Homogeneous transformation linearity

(hy1Axq + hiAyg + hi3Adzg + hyaAwg ] [hyauxy + hiouyp + hizpzy + hygiwy ]
H A + uB) = hp1Axgq + hooAdy, + hy3Az, + hyydwy + houxp + hoouyp + hozuzy + hosuwy
h31Axg + h3y Ay, + h3zdz, + hadAw, h3uxy + haauyp + hazuzy + hyuwy,
|hg1AXg + hyoAYq + hy3Azg + hysdwg ] Lhyipuxy + hyopuyp + hyspizy + hyauwy |
hi1Xp + hyoyp + hi3zp + hyawy]
h Xy + h yb + h23Zb -+ h24Wb
H(AA + uB) = 2 1 . —
( HB) # h31xp + h3yp + h33zp + hyawy
Lhy1Xp + hao Yy + hyzzy + hygawp !

HAA+ uB) = A + uHB <«
Matrix product
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Homogeneous transformation

B Homogeneous transformation linearity

(hy1Xq + h12Yq + h1324 + hiawg] (hy1xp + hiYp + hy3zp + hiawy]
hp1Xq + hoYa + ho3zg + houw hy1xp + hyoyp + ho3zy + hoywy

H(AA + uB) = A “ ‘ ‘ “1+ !
( HB) h31Xq + h3y, + h33z, + h3aw, . h31xp + h3oyp + h33zp + haawy
(g1 Xq + hyYa + haszg + hyawg | g1 Xp + Mo Yy + hy3zy + hyawp |

HAA + uB) = A + uHB
\ Definition
HAA+uB) =1 + uH (B)
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Homogeneous transformation

B Homogeneous transformation linearity

(hy1Xq + h12Yq + h1324 + hiawg] (hy1xp + hiYp + hy3zp + hiawy]
hp1Xq + hoYa + ho3zg + houw hy1xp + hyoyp + ho3zy + hoywy

H(AA + uB) = A “ ‘ ‘ “1+ !
( HB) h31Xq + h3y, + h33z, + h3aw, . h31xp + h3oyp + h33zp + haawy
(g1 Xq + hyYa + haszg + hyawg | g1 Xp + Mo Yy + hy3zy + hyawp |

HAA + uB) = AHA + uHB

HAA + uB) = AH(A) + uH (B)

Any homogeneous transformation is a
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Homogeneous Transformation

B Which kind of transformation can be represented ?

M Isit possible to use Homogeneous transformations to represents
Euclidean transformations ?

B Is there transformation that can only be computed using
Homogeneous coordinates ?
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Homogeneous Translation

B Let X = [x,y,z w] be a homogeneous vector. The translation
of X along a vector [a, 8,7, 1]7, denoted T («, ,¥), is such as:

T(a,,y)(X) =TX

Where:

O R OO
Ir—\*<‘%$2|

S O -k O

=
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Homogeneous Translation

B Let X = [x,y,z w] be a homogeneous vector. The translation
of X along a vector [a, 8,7, 1]7, denoted T («, ,¥), is such as:

1 0 0 allx X +
_ _{0 1.0 Blly|_|y+pB
0 0 0 111w, w
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.

Computer Vision -35/40
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of X is: X = [x,y,z, 1]*
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.
B Homogeneous representation of X is: X = [x,y,z, 1]*

B The homogeneous translation of X along (a, 8, 7):

1 0 0 al[x] [x+a]

0 1 0 +
T@pn =g o 3 M= La)

0o 0 0o 14114 L 1 |
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Computing Euclidean translation
B Let X = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of X is: X = [x,y,z, 1]*

B The homogeneous translation of X along (a, 8, 7):

1 0 0 al[x] [x+a]

0 1 0 +
T@pn =g o 3 M= La)

0o 0 0o 14114 L 1 |

x+a y+p z+y
1 71 71

B Euclidean representation: [x+a,y+8z+y,1]" - ( ) =(x+ay+pz+y)

Computer Vision -38 /40
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.
B Homogeneous representation of X is: X = [x,y,z, 1]*

B The homogeneous translation of X along (a, 8, 7):

1 0 0 al[x] [x+a]

0 1 0 +
T@pn =g o 3 M= La)

0o 0 0o 14114 L 1 |

<x+a y+ B z+y)=

B Euclidean representation: [x +a,y+8,z+y,1]" - — T

!

T(a, B, y)(X) - <
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am UNIVERSITE DE
Computer Vision / Homogeneous Translation @ L | 5 — TOULON

Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

(x + aw]

Y=T(@pnO)=Tx =2 ThW

w

:s N ><:
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

(x + aw]

Y=T(@pnO)=Tx =2 ThW

w

=
Il
TN R

—al[x+ a
y+p
—Y||ZtY
111l w |

T(—a,=B, V)Y =T"Y =

R e
I
=)

cCoO O R
co RO

Computer Vision -41 /40



am UNIVERSITE DE
Computer Vision / Homogeneous Translation @ L | 5 — TOULON

Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

o (x + aw]
y _ _Tx = YT AW
W v
(1 0 0 —al[x+a] [x+aw—aw]
o _g |01 0 B[y +B|_|y+Bw-Bw
TEa=B=NW=TY=1s o 1 llz+v|7|z+yw-yw
0 0 0 1/l w1 | w
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

x + aw

Y=T(@pnO)=Tx =2 ThW

w

=
Il
TN R

—al[x+a] [x+ —
y+pB|_ |yt - _
—vilz+y z+ —
11L w | ! w

T(—a,=B,-yV)(Y)=T'"Y =

oo o
O O RO
o R OO
I
=

:§N\<g
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

(X ] X + aw]
_ |y _ _ e _ |y BW
X_ VA 'y—T(a,,B,)/)(X)—TX— Z‘l‘]/W
A4 w
1 0 0 —allx+ a [x + — [ X ]
Yy P g, |01 0 =Blly+B| _|y+i— _|y]_
0o 0 0 11L w | i w 4

Computer Vision -44 /40
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

(x + aw]

Y=T(@pnO)=Tx =2 ThW

w

:s N ><:

T(—a,=B,-V)(Y)=T'Y=X

Computer Vision -45 /40
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 5,7, 117

[ X X + aw]

_ |y _ _ e _ |y BW

X = g Y=T(a,B,7)(X)=TX = 7+ yw
W w

T(—a,—B,-Y)=TY=X
T(—a,—B,-V)(T(a,B,y)(X)=T'TX =X

A Homogeneous translation 7' (a, 58, 7) and

Computer Vision -46 /40
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 a] 1 0 0 —a]
101 0 B , 101 0 -p
T_001)/ T_001—)/
0 0 0 1] 0 0 0 1|

Computer Vision -47 /40
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 a] 1 0 0 —a]
101 0 B , 101 0 -p
T_001)/ T_001—)/
0 0 0 1. 0 0 0 1.
1 0 0 «a]fl 0 0 —a
, 1o 1.0 pgllo 1 0 -p
TT =
0 01 y[|l0O 0 1 —y
0 0 0 1llo 0 0 1.
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 « 1 0 0 —a
+_0 10 p p_|0 1 0 =B
00 1 y 00 1 —y
0 0 0 1 0 0 0 1.
1 0 0 «][1 0 0 —a] [1 0 0 —a+a]
|01 0 Bffo 10 —gf_Jo 1 0 —pg+p
0 01 yllo o1 =y o 01 —y+y
0 0 o0 1llo oo 1) lo oo 1
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 1 0 0 —a
_010,8 /_Olo_ﬁ
T_001)/ T_001—)/
0 0 0 1. 0 0 0 1.

1 0 0 al[t 0 0 —a] [1 0 0 —a+a 1 0 0 O]
|01 0 B|f0 1 0 —B|_|0 1 0 —p+B|_|0 1 0 0|_,,
0 01 y[|l0O 0 1 —y 0 01 —-y+vy 0 01 0
0 0 o 1flo o o 11 o o 0o 1 0 0 0 1/
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 o 1 0 0 —a]
7|01 058 |01 0 -8

0 0 1 y 0 0 1 —y

0 0 0 1. 0 0 0 1.

1 0 0 a]fl 0 0 —a] [1 0 0 —a+a] [1 0 0 O
101 0 gflo 1 0 =g |01 0 —g+pB| _|0 1 0 of_
10 01 yl|l0 01 —y| [0 O 1 —y+y] |0 0 1 0]

0 0 0 1dlo o o 11 lo 0 0 1 0 0 0 1.

T' is the of T
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Homogeneous translation

B Definition
1 0 0 «
B 010 pB
T(a)ﬁ))/)_ 0 O 1 y
0 0 0 1.

B Properties

B Linear application

1 0 0 —qa
: _ _ 0 1 0 -p
. 1 — 1 _
B Invertible: 7@ g =T"=| o | —y
0 0 0 1]
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle w around X axis, denoted R,.(w), is such as:

:Rx(a)) V) = R,V

Where:
1 0 0 0]
R — O cosw —sinw 0
x 0 sinw cosw O
0 0 0 1.
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle w around X axis, denoted R,.(w), is such as:

1 0 0 O][x]

_ 10 cosw —sinw O]y
Re(@)(V) =Ry V = 0 sinw cosw 0]z
0 0 0 111w
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle w around X axis, denoted R,.(w), is such as:

1 0 0 O] [x
_ 10 cosw —sinw O0]|Y
Rr(@)(V) =RV = 0 sinw cosw O0f]z
0 0 0 11w
X
_|ycosw —zsinw
Ry () (V) = ysinw + zcos w
w

Computer Vision - 55 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous rotation ==TOULON

Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

X
YCOSw — ZSIinw
ysinw + zZcos w

1

Ry(w)(V) =
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

X
Yy COSw — ZSin w (x yCcosw — zZsinw ysinw+zcosw>
ﬁ

R (@)(V) = ysinw + z cos w 1’ 1 ‘ 1

1
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

b
Yy COSw — ZSin w X yCoSw —zSinw ysinw + zZcosw
: - | =
ysSinw + Zcosw 1’ 1 ’ 1
1

Ry(w)(V) =

— (x,ycosw — zsinw,y sinw + z cos w)
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

X
Yy COSw — ZSin w (x yCcosw — zZsinw ysinw+zcosw>
ﬁ

R (@)(V) = ysinw + z cos w 1’ 1 ‘ 1

= ( )
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]

R. — 0 cosw —sinw 0 R — 0 cos(—w) —-sin(—w) 0
* |0 sinw cosw O * [0 sin(~w) cos(—w) O
10 0 0 1. 10 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]

R. — 0 cosw —sinw 0 R — 0 —sin(~w) 0f__
* |0 sinw cosw O * 10 sin(—w) 0
10 0 0 1. 10 0 0 1.

cos(—w) = cos w

1 0 0 0
, |0 —sin(—w) 0

Ry = 0 sin(—w) ol ©
0 0 0 1
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 R — 0 COS W 0 __
¥ 10 sinw cosw O * 10 COS W 0
10 0 0 1] 0 0 0 1]
sin(—w) = —sinw

1 0 0 0]

, 0 cosw 0

Ry = 0 cosw 0

10 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]

R. — O cosw —sinw 0 R, — 0 cosw sinw O
* |0 sinw cosw O * |0 —sinw cosw O
0 0 0 1. 0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

R, = R, = = R}

= o o O

(SR =N=
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0] 1 0 0 0]

R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* |0 sinw cosw O * |0 —sinw cosw O
0 0 0 1] 0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* |0 sinw cosw O * |0 —sinw cosw O
0 0 0 1] 0 0 0 1]
1 0 0 01[1 0 0 0]
R.RT — 0O cosw —sinw O0]]0 cosw sinw O
X0 sinw  cosw 0|]|0 —sihw cosw O
10 0 0 1110 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O * 10 —sinw cosw O
0 0 0 1] 0 0 0 1]
1 0 0 011 0 0 0]
R.RT — 0O cosw —sinw O0]]0 cosw sinw O
XX 10 sinw  cosw 0|]0 —sinw cosw O
10 0 0 1110 0 0 1]
1 0 0 0]
R.RT = |0 cos? w + sin? w coswsinw —coswsinw 0
XX 10 sinwcosw — cos w sin w sin? w + cos? w 0
10 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O * 10 —sinw cosw O
0 0 0 1] 0 0 0 1]
1 0 0 0]
R.RT = 0 coswsinw —coswsinw 0| __
XX 10 sinw cosw — cos w sin w 0
0 0 0 1] . )
Ssin“w + cos“w =1
1 0 0 0]
R.RT — 0 coswsinw —coswsinw 0 -
XX 10 sinw cosw — cos w sin w 0
0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
x 0 sinw cosw O x 0 —sinw cosw 0
0 0 0 1] 0 0 0 1]
1 0 0 0]
r 10 1 0] _
RaRx = 0 1 0
10 0 0 1]
1 0 0 O]
r 10 1 0 <
RxRx = 0 1 0
0 0 0 1.

Computer Vision -71 /40



am UNIVERSITE DE
Computer Vision / Homogeneous rotation == TOULON

Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0 1 0 0 1]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O * 10 —sinw cosw O
10 0 0 1] 0 0 0 1]
1 0 0 O]
r |10 1 0 0] _
R, Ry = 00 1 0 =1ID
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
RZ be the matrix of the homogeneous rotation R,.(—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw O RT — 0 cosw sinw O
*7 10 sinw cosw 0 * 710 —sinw cosw O
10 0 0 1. 0 0 0 1.
1 0 0 O]
~ lo 1 0 of_
R, Ry = 00 1 0 =1ID
0 0 0 1.
A Homogeneous X axis rotation R, (w) and
R, (—w) Moreover,
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle ¢ around Y axis, denoted R,,(¢), is such as:

Ry((p) (V) = Ryv

Where:
' cosp 0 sing O
R — 0 1 0 0
Y |—=sing 0 cos¢g O
0 0 0 1.
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle ¢ around Y axis, denoted R,,(¢), is such as:

" cosp 0 singp O][x

_ _ 0 1 0 Ol|y
Ryl@)(V) =R,V = —sing 0 cosgp 0|z
0 0 0 111w,
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle ¢ around Y axis, denoted R,,(¢), is such as:

" cosp 0 singp O][x
_ _ 0 1 0 Ol|y
Ryl@)(V) =R,V = —sing 0 cosgp 0|z
0 0 0 111w_
X COS® + zsing
_ y
Ry@)(V) ZCOS® — xsin@
w

Computer Vision -76 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous rotation ==TOULON

Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.
B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of V around Y axis by an angle ¢:

(X COS @ + Zsin @]

_ y
Ryl)(V) = ZCos@ — xsing

1

Computer Vision -79 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous rotation @ L | 5 — TOULON

Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

(X COS @ + Zsin @]

XCosS@ +zsing y Zcoscp—xsingo)

_ y Z
Ry(@)(V) = ZCoS@ — xsin @ _)< 1 "1’ 1

1

Computer Vision -80 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous rotation @ L | 5 — TOULON

Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

(X COS @ + Zsin @]

XCosS@ +zsing y Zcoscp—xsingo)

_ y Z
Ry(@)(V) = ZCoS@ — xsin @ _)< 1 "1’ 1

1

— (xcos@ +zsing,y,zcos@ — xsin @)
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y, z, 1]7

B Homogeneous rotation of 1V around X axis by an angle w:

(X COS @ + Zsin @]

XCosS@ +zsing y Zcoscp—xsingo)

_ y Z
Rylp)(V) = ZCoS@ — xsin @ _)< 1 "1’ 1

= ( )
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

" cosqp 0 sing O] " cos(—p) 0 sin(—¢@) O

R 0 1 0 o0 |0 1 0 0
Y |-sing 0 cosep O Y |—=sin(—¢) 0 cos(—¢) 0
0 0 0 1] i 0 0 0 1
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

" cosqp 0 sing O] [ 0 sin(—¢) O]
R.=| 0 1 0 0 R — 0 1 0 of _
Y |-sing 0 cosep O Y |—=sin(—¢) 0 0
0 0 0 1. I 0 0 0 1.
cos(—w) = cos w
0 sin(—¢) 0]
' 0 1 0 0
Ry = —sin(—¢) 0 ol =
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] COS @ 0 0]
R | 0 1 0 o0 S 10 o_
Y |—sing 0 cosep O Y 0 cose O
0 0 0 1] 0 0 0 1.
sin(—w) = —sinw
cosp 0 0]
p 0 1 0 0
Ry = 0 cosep O )
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] ‘cosp 0 —sing O]

R — 0 1 0 0 R — 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosp O
0 0 0 1. | 0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

= RT

R, = R}, = v

y

~ooo

S O - O
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]

R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 1. | 0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 1. | 0 0 0 1.
[ cosp 0 sing O]Jcosp 0 —sing O]
R.RT = 0 1 0 0 0 1 0 0
Y*YV  [—singp 0 cosep O||sing 0 cosep 0
0 0 0 1L 0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 11 . 0 0 0 11
[ cosp 0 sing O]Jcosp 0 —sing O]
R RT — 0 1 0 0 0 1 0 0
Y*YV  [—singp 0 cosep O||sing 0 cosep 0
0 0 0 1L 0 0 0 11
cos? @ + sin? ¢ 0 —cos@sing+singcosg O]
e —singcosg +cospsing 0 cos? ¢ + sin? @ 0
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 11 L0 0 0 11
0 —cos@sing +singcosp 0]
R RT= 0 1 0 0 —
oy —sing cos@ +cospsing 0 0
0 0 0 11 . 5 5
sin“w + cos“w =1
0 —cosepsing +sinpcosep O]
T _ 0 1 0 0
RyRy = —sin@cos@ + cos@sing 0 o| ©
0 0 0 11
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]
R_| 0 1 0 o0 er_| 0O 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 1] . 0 0 0 1]
1 0 0
T _ 0 1 0 of __
RyRy = 0 1 0
0 0 0 1.
1 0 0]
0O 1 0 O
RyRy =10 0 1 of*
0 0 0 1.

Computer Vision -92 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous rotation @ L | 5 — TOULON

Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 1. | 0 0 0 1.

(1 0 0 O]

r _|0 1 0 0]_
RyRy, = 00 1 0 = ID
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R§ be the matrix of the homogeneous rotation R, (—¢)

[ cosgp 0 sing O] (cosp 0 —sing O]
R | 0 1 0 o0 er_| 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 <cosep O
0 0 0 1] . 0 0 0 1]
1 0 0 O]
- o 1 0 of
RyRy, = 00 1 0 =1ID
0 0 0 1.
A Homogeneous Y axis rotation R, (¢) and
Ry(—) Moreover,
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Homogeneous axis rotation

B LetV = [x,y,z w]'be a homogeneous vector. The rotation of V
by an angle k around Z axis, denoted R, (x), is such as:

RZ(K) V) = R,V

Where:
‘cosk —sink 0 O]
R — sink cosk 0 O
d 0 0 1 0
0 0 0 1.
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Homogeneous axis rotation

B Transform Matrices

1 0 0 0 cosp 0 sing O] ‘cosk —sink 0 O]

R. — 0 cosw —sinw 0 R — 0 1 0 0 R. — sink cosk 0 O

* |0 sinw cosw O Y |—sing 0 cosep O z 0 0 1 0

10 0 0 1. 0 0 0 1] 0 0 0 1.

B Inverse transform matrices

1 0 0 0] ‘cosp 0 —sing 0] [ cosgp sink 0 O
1 _ T _ |0 cosw sinw O 1 _o7_1 0 1 0 0 1 _poT _|—sink cosk 0 O
R =Rx=10 _sinw cosw of B == sing 0 cosgp O R, =Rz = 0 0 1 0
10 0 0 1] 0 0 0 1] 0 0 0 1
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